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We consider the problem of the relationship of the genus of a graph to its 
Betti number. We define the function g(p) which is the largest genus which occurs 
among graphs of Betti number 8. Kuratowski showed that g(B) = 0 for /3 = 1,2,3 
and that g(4) = 1. We review all known results for small ,f3. Graphs of large girth 
are used to obtain lower bounds for g(p) for large /3, and estimates of the number 
of disjoint circuits in a cubic graph give upper bounds: 
This shows that the quantity j3/2 - g@) is bounded from above as well as below 
by const. p/log b. We also give an improved estimate for the minimum number 
of nodes necessary for a cubic graph of given girth. 
1. INTRODUCTION 
The genus y(G) of a graph G is the smallest number such that G can be 
drawn on a sphere with y handles. Let g(p) denote the largest genus which 
occurs among graphs with Betti number /3. 
In this paper we are going to give lower bounds for g(p) for various small 
values of /3 and upper and lower bounds which are relatively close for large fl. 
First, we list some obvious properties of g(p). g(p) is a nondecreasing 
function and since an extra edge can always be accomodated by putting a 
new handle on the surface, 
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Also, it is easy to see that the genus of the union of two disjoint graphs is 
the sum of their genuses; hence, 
g(B1 + A?) 2 g(A) + SCPJ. (1.2) 
For references to other previous results on g(p) see Duke [l]. References to 
some of the results in this paper have appeared, e.g., in Guy [2]. 
By Kuratowski’s criterion, a nonplanar graph has Betti number 3 4; 
hence, 
g(S) = 0 for/3 <3. (1.3) 
For the study of g(p) it suffices to study cubic graphs since we can always 
spread a node of higher degree (see Fig. 1.1) so that the genus is unchanged 
while the Betti number clearly remains the same. 
FIGURE 1.1 
The catalog of all 12-node cubic graphs compiled by the first author shows 
that 
g(S) = 1 for 4 < /3 < 7. (1.4) 
By (1 .l) and (1.2) it follows that g(8) = 2. Extensive computations aimed at 
listing the irreducible graphs of genus 2, which have not yet been published, 
show that g(9) and g(10) also have the value 2. 
Theorem 3 of Milgram [3] can be used to derive the inequalities g(18) > 5, 
g(21) 3 6 in addition to the inequality g(15) 2 4 given in [3]. 
Euler’s formula implies that 
g@> < +p. (1.5) 
While the above results for small values of /3 give the impression that the 
constant 4 could be improved, this is not the case. 
In Section 2 we show, using graphs of large girth as our examples, that 
g(fl)&3+;- 3@- l) 
log, ($B - 1) . (1.6) 
This formula suggests the question whether the negative term in the bound 
(1.6) can be replaced by something smaller, a constant, for example. In the 
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last part of this paper we show that the function g(p) does in fact lag behind 
@ by something of the order of magnitude p/log /?. We prove 
(1.7) 
In Section 2 we also show that there exist cubic graphs of girth k with not 
more than 2k - 1 edges. This improves the best previous result (Walther [4]) 
by a factor of 4/9. 
The results of this paper do not depend on orientability. Call 
1 - i(Euler characteristic) the generalized genus of a surface, orientable or 
not. Let p(G) be the least generalized genus among the surfaces on which the 
graph G can be drawn. Let @) = sup of y(G) among all graphs G of Betti 
number /I, Clearly, H(P) ,< g(p) since f(G) < y(G) for every graph G. On the 
other hand, there is no bound for y(G) in terms of p(G) (one can find graphs 
of arbitrarily high genus which can be {see [5]) drawn on the projective 
plane). Nevertheless, the function g(p) also satisfies the inequality (1.6); 
the reader will see that the proof of the inequality does not depend on 
orientability. 
2. BOUNDS FOR LARGE 6 
We first prove the lower bound (1.6) of the Introduction. Let G be any 
connected cubic graph with 01~ nodes and 01~ edges. Consider a particular 
embedding of G on a surface S such that S - G consists of 2-cells. Let 01~ be 
their number. 
We are here using standard notation for complexes, but the reader should 
note that whereas a0 and a1 depend on G alone, 01~ depends on the embedding. 
The Betti number of the graph is 
p = -a” + “1 + I = -$a1 + a1 + I = +a1 + I. (2.1) 
Euler’s formula says 
genus 0fS = $(-cG + a1 - LYE + 2) = gj3 + I - 312). (2.2) 
We see that the more 2-cells we have in the embedding, the smaller the genus. 
Now let the embedding be in a surface S of minimal genus, so that 
y(G) = &p + I - m2). (2.3) 
The boundary of a region in S - G need not be a simple circuit since the 
same cell can occur on both sides of certain edges. However, the boundary of 
582b!23/2/3-6 
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a cell cannot be a tree because G is cubic so it must contain a simple circuit. 
Let g be the girth of G. (We hope there is no danger of confusing the girth g 
with the function g(p).) Then each cell is adjacent to at least g edges. Thus, 
Combining this with (2.1) 
ga, < 2% . (2.4) 
Hence, by (2.3), 
(2.5) 
(2.6) 
To get the most out of this, we need a graph G with the largest possible girth 
for a given /3. 
THEOREM 2.1. For all integers g > 1 there exists a 3-connected cubic 
graph of girth g with 29 - 1 edges when g is even and 29 - 2 edges when g is 
odd. 
Proof. For g = 2 the graph consists of two nodes connected by three 
edges. We assume a graph G with the given property exists for girth g and we 
prove the theorem for g + I. 
The distance between two edges of G can be defined as one less than the 
number of edges in a shortest path containing both. Since the graph is cubic, 
the number of edges at distance <d from any given edge e is < 1 + 4 + 8 + 
. . . + 2d+l = 2df2 - 3. 
Since G has more than 29 - 3 edges we can find two edges e, , e2, in G 
whose distance is >, g - 1. Since G is cubic and 3-connected, G - e, - e, is 
connected. (Tn the present context we retain the end points of e, and e2 as 
nodes of degree 2.) Let S be a tree that spans G - e, - e2 . Then S spans G 
also. Let C be the set of edges of G that are not in S. Every circuit in G 
contains an edge which is in C. We shall lengthen all circuits by subdividing 
all edges in C in the following manner. 
Divide e, into two pieces by placing a node on it. Do the same to eB and 
connect the two new nodes by an edge fi . Then any circuit containing fi will 
have length g + I, and any circuit of G which contained e, or e, has become 
lengthened by one or two since e, and e2 have been divided. 
Now take any edge e3 of C, pick an edge which is at a distance g - 1 from 
e3 (this edge need not be in C), place a new node on both edges, and connect 
the nodes by an edge. Every circuit containing the newly inserted edge has 
length > g + 1, the circuits containing the newly subdivided edge or edges 
become longer and the rest remain the same. 
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Continue the process until all edges of C have been subdivided. Since 
every circuit in the original graph G contains an edge of C the length of all 
these circuits has been increased, and is therefore > g + 1. The same in- 
equality holds for the lengths of the circuits which pass through any of the 
newly inserted edges. Hence, we have obtained a graph of girth 3 g 7 1. 
Let us count the number of new nodes that were inserted. 
Let cyO , 01~ be the number of nodes and edges in G. Then a0 = {ml and the 
number of edges in a spanning tree is LYE - 1. Hence the number of edges in 
C is 01~ - cyO + 1 = &x, + 1. Each of the steps above increases the number 
of nodes by 2. The first step subcidivides two edges of C. Each of the following 
ones subvidivides at least one edge of C. So we insert at most $a1 nodes. Thus 
the resulting graph of girth g + 1 will have at most 01~ + -#ai = 2.u, =-- 
2Q+l - 2 edges. We can then bring the number of edges up to 2Q+l - 2 or 
2”” - 1 by connecting as many more pairs of edges which are at a distance 
> g - 1 from each other as necessary. 
The theorem also requires that our new graph be 3-connected. This will be 
so because if we connect the midpoints of two edges in a 3-connected graph, 
the new graph will also be 3-connected. This completes the proof of 
Theorem 2.1. 
Now we prove the lower bound (1.6). Theorem 2.1 says that for any 
integer g > 1 there exist graphs of girth g with not more than 2Q - 1 edges, 
i.e., with p < $(2Q - 1) + 1. From the proof of Theorem 2.1 it is apparent 
that there is a cubic graph of girth g for every p in the interval 
*(2Q-l1)+1 </3<+(2Q+l-l)+l~ (2.7) 
In other words, for all these values of /3 there is a cubic graph of girth > 
log,(3/3 - 2) - 1 = log,(@ - 1). Since every /3 > 1 lies in one of the intervals 
(2.7), we get that for every p > 1 there is a graph with Betti number p and 
girth > log&p - 1). We substitute this in (2.6) and we get the lower bound 
(1.6). 
Next, we give some lemmas needed to prove (1.7). 
LEMMA 2.2. The girth g of a cubic graph G satisfies 
where /3 is the Betti number of G. 
Proof. We define the distance of a node from an edge as the number of 
edges in a shortest path containing the node and the edge. 
We use two slightly different arguments to prove (2.8), depending on the 
parity of g. 
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Case 1. g = 2d + 1. Let N be an arbitrarily chosen node. There is at 
most one path with <d edges from N to any other node. Therefore, the 
number of nodes at distance <d from N (including N) is 1 + 3 + 
3 x2+...+3 ~2~-r=3 ~2~-2.Thus3 ~2~-2<a~,andhence, 
g = 2d + I < 2 log,(cll, + 2) - 2 log, 3 + 1 < 2 log,(or, + 2) - 2 = 2 log&. 
0.9) 
Case 2. g = 2d. Pick any edge e. The number of nodes at distance <d 
from e is 2+4+8+...+2d ==2d+1-2<a0. Hence g-2d< 
2 log,(ol, + 2) - 2 = 2 log, /3. This completes the proof of Lemma 2.2. 
LEMMA 2.3. A graph G with no node of degree I or 2 has a circuit of length 
f[2 log, p]. (Here [ ] denotes the greatest integer function.) Note that G need 
not be connected. 
Proof. “Spread” the higher degree nodes until the graph becomes cubic. 
This does not change the Betti number and it does not shorten any circuit. 
Applying the previous lemma to this cubic graph we get Lemma 2.3. 
LEMMA 2.4. A graph G with Betti number /3 has at least 
P/n-d 1, [2 log, PII 
edge&joint circuits. 
(2.10) 
Proof. We show that G has a circuit C such that removing the edges of C 
from G diminishes the Betti number by at most 
max t I, [2 log, PI). (2.11) 
Clearly, this will imply that the graph will not be exhausted before the 
required number of edge-disjoint circuits have been found. 
Let G’ be the graph obtained by removing all edges of G which are not 
contained in a circuit. This leaves /3 unchanged. 
If G’ has a component which is a simple circuit, then removing this circuit 
diminishes the Betti number by only 1, which is within the bound (2.11). 
Next, consider the case when no component of G’ is a simple circuit. A 
node of degree 2 and the pair of edges adjacent to it should be replaced by a 
single edge until we get a graph G” homeomorphic to G’ with all nodes 
having degree 3 3. The Betti number is still the same, /3. By Lemma 2.3, G” 
has a circuit C with at most [2 log, /!I] edges. Removing an edge reduces the 
Betti number by at most 1, so removing all the edges of C reduces the Betti 
number by at most the quantity allowed by (2.11). This completes the proof 
of Lemma 2.4. 
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We might remark that in a cubic graph edge-disjoint circuits cannot have 
any nodes in common either. 
We are now ready to prove the upper bound (1.7). 
Representations of G on orientable surfaces can be obtained by assigning 
orientations to the nodes of G in an arbitrary manner. In particular, this can 
be done in such a way that any given set of disjoint circuits becomes a set of 
boundary circuits. Do this with the set of disjoint circuits just discussed. The 
number 01~ of regions in this representation must be at least one more than 
the number (2.10) of disjoint circuits since the boundaries cannot all be 
disjoint. Substituting this in (2.3) we see that our representation verifies the 
bound (1.7). 
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